In this work, we have considered a model independent approach to study the nature of the late time cosmic acceleration. We have used the Pade approximation to parametrize the comoving distance. Consequently, from this comoving distance, we derive a parameterization for the Hubble parameter. Our parametrization is completely analytic and valid for late-time and matter dominated eras only. This parametrization possesses sub-percentage accuracy compared to any arbitrary cosmological model or parametrization up to matter dominated era. Using this parametrization, we put constraints on the parameters from recent low redshift cosmological observations including Planck 2018 results. Our results show that the ΛCDM model is 1σ away for redshift z < 1.5. We also find that the dynamical dark energy models are preferred for redshift z < 0.5.
INTRODUCTION
In last two decades, many cosmological observations like Supernova Type-Ia observations [1, 2] , cosmic microwave background observations [3] [4] [5] , baryon acoustic oscillations measurements [6, 7] have strongly confirmed that the Universe is undergoing through an accelerated era at late times. This acceleration can be explained by introducing an exotic matter, called dark energy [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] (which has large negative pressure) or by the modification of gravity [18] [19] [20] [21] [22] . In literature, there are many dark energy models like quintessence and k-essence [8, 9] . Also there are many modified gravity models like f(R) gravity [23] [24] [25] , Galileon gravity [26] [27] [28] and Horndeski gravity [29] .
One of the simplest dark energy models is the ΛCDM model. However, the ΛCDM model has some theoretical problems like the fine-tuning and cosmic coincidence problems [30] . Besides these theoretical problems, recently some observations [31] [32] [33] [34] have suggested that the ΛCDM model is not exactly the best fit model to the recent low redshift cosmological data and dynamical dark energy is preferred. These results motivate us to go beyond the ΛCDM model and preferably for the dynamical dark energy models.
Although there are many dynamical dark energy or modified gravity models to explain the late time cosmic acceleration, it is still necessary to do the detailed analysis of the behavior of the late time acceleration from cosmological observations. For this reason, proper parametrization of the late time cosmic acceleration is needed, especially, the model independent parametrization. For example, if most of the observations suggest phantom crossing for the equation of state of the dark energy, use of quintessence model to study the nature of the late time cosmic acceleration will provide us incomplete information. For this reason, in literature, there are some parametric approach to the equation of state of the dark energy like CPL parametrization [35, 36] , BA parametrization [37] and GCG parametrization [38] . Among these, CPL parametrization is the most popular parametrization in the literature. It includes both the phantom and non-phantom behavior of the equation of state of dark energy.
Most of the above-mentioned parametrizations based on the Taylor series expansion. However, Parametrizations based on Taylor series expansion can only give us accurate results if the argument (for example, (1 − a) in the CPL parameterization with a being the scale factor) of a particular function is much less than unity. In this regards, the Pade approximation [39, 40] to any cosmological quantity can give us better results compared to the Taylor series expansion (with the same number of parameters involved). In literature, Pade approximation has already been used like in [40] [41] [42] for the equation of state of dark energy, in [43] for the energy density of the dark energy, in [44, 45] for luminosity distance, etc.
Here, we also use Pade approximation to parametrize the comoving distance and consequently to the Hubble parameter. Most of the above-mentioned parametrizations (using Pade approximation) give better accuracy as long as redshift is not very high (where the Pade approximation uses redshift as the argument). However, here, we provide a simple parametrization (based on Pade approximation) which can provide better accuracy at higher redshifts too by using some cosmological information. We discuss this in the next section. the curvature, the inverse Hubble parameter and luminosity distance, D L can be simply related as
where z is the redshift and H is the Hubble parameter. Further, luminosity distance, D L and comoving distance, χ is related by D L = (1 + z)χ. Using this, Eq. (1) can be rewritten in dimensionless variables given by
whereẼ = E/ √ Ω m0 , with E being the normalized Hubble parameter, defined as E(z) = H(z)/H 0 , with H 0 being the present day (z = 0) Hubble parameter. Ω m0 is the matter energy density parameter at present. χ N is the normalized comoving distance given by
If the Universe is dominated by matter only, thenẼ(z) becomes (denoted byẼ matter )
Integrating Eq. (2), we get normalized comoving distance (denoted by χ N matter ) for matter dominated Universe given by
Note that, here we are interested in the matter dominated and late time eras only. Now, let say, due to the presence of dark energy or due to the modification of gravity, total normalized comoving distance (denoted by χ 
Note that, we have not considered χ N matter to be zero at z = 0, because it is not necessary as long as χ N tot (z = 0) = 0. That is why we have introduced an integral constant, I c in Eq. (5) .
At this stage, one can parametrize the extra correction, χ N c (z) both in a model dependent and independent ways. One of the model independent way could be to expand it around the present time (z = 0) using Taylor series up to a particular order. The coefficients of this Taylor series can be the model-independent parameters to be constrained. However, with Taylor series expansion, one has to consider a large number of the order to get better accuracy. This corresponds to a large number of parameters. Also, for z ≫ 1, the accuracy decreases rapidly. To avoid these issues, here, we consider Pade expansion to get an approximate series for χ N c (z). This can reduce the error compared to the Taylor series expansion. Now, we can expand χ 
where P i 's and Q j 's are the parameters of the Pade expansion. We can always put Q 0 = 1 because it will normalize the series both in numerator and denominator. So, there are (1 + m + n) number of independent parameters in a P m n order Pade expansion series. Although there is a finite number of independent parameters, the Pade series is infinite series (however, note that the higher order coefficients are not independent in this infinite series). Because of this infinite series expansion, P m n order Pade expansion series has better accuracy compared to a finite Taylor series expansion up to (m + n + 1)th order (although the number of independent parameters is same as 1 + m + n for both the cases). So far we have not put any cosmological information about the extra correction. So, our Pade approximation should have knowledge about this extra term mentioned below:
• At present, χ N tot (z = 0) should be zero. This gives
So, total normalized comoving distance immediately becomes
Using Eq. (2), we can now calculate the inverse ofẼ given by
where A(z) is given by
This A(z) is basically the correction to normalized inverse Hubble parameter due to dark energy or modification to the gravity. Now, we use other cosmological informations given by
• At present, E tot (z = 0) should be unity i.e.Ẽ(z = 0) = 1/ √ Ω m0 . This gives
• At matter dominated era, A(z) should be negligible compared to 1/Ẽ matter (z) i.e. at higher redshifts, the extra effect should be negligible. This is possible if the highest order in z in the denominator is larger than the numerator in A(z) compared to the matter term (and since Pade parameters should be of the same order of magnitude). Using this fact, we can put one restriction to the arbitrary (m,n) order of the P m n series given by
Note that from (1 + m + n) number of parameters one is now fixed (P 1 from Eq. (12)). So, finally, the number of independent (Pade) parameters is m + n. So, we obtain the final expression for the comoving distance given by
Consequently, the Hubble parameter becomes
Note that in Eqs. (14) and (15), we have omitted the subscript 'tot'. Now onwards we shall not use this subscipt and no subscript corresponds to the total one. Here, independent parameters are P 0 , P 2 , ..., P m ; Q 1 , Q 2 , ..., Q n .
Singularity issue
Note that there is a singularity issue in the Eqs. (14) and (15) (or consequently in other equations) as in any Pade series. In the broad range of the parameter space, for some particular values of the parameters, the denominator can be zero i.e.
+ n j=1
Q j z j = B(z) (say) = 0 → singularity. (16) So, when the denominator becomes zero, the Pade series diverges. We can overcome this singularity by assuming that any observable should be monotonic functions of z. So, to avoid singularity issue, we make a correction given by
where ∆ is introduced to represent a small number. We can safely take
Note that one can take any other values of ∆ as long as ∆ << 1. One can check that the error arises due to this correction is insignificant. So, this correction will not lead to any major changes in our formalism. Note that, in most of the cases, the singularity will not arise, unless we allow some arbitrary values of the parameters far from the standard cosmological values.
EXAMPLE: m = 1 AND n = 2 CASE:
For m = 1 and n = 2 case, the comoving distance (from Eq. (14)) becomes
Consequently, the Hubble parameter (from Eq. (15)) becomes
with A(z) is given by A(z) =Ã (z)
respectively. Eqs. (19) and (20) are the main result for the parametrization of the comoving distance and the Hubble parameter for the m = 1, n = 2 case. And our independent parameters are P 0 , Q 1 , and Q 2 with the cosmological parameters Ω m0 and H 0 .
Accuracy of m = 1 and n = 2 case
In Figs. 1 and 2 , we have shown how good our parametrization can fit to an abritrary model. To do so, we have compared it to the CPL parametrization [35, 36] . In CPL parametrization, we have taken ΛCDM (w 0 = −1, w a = 0; represented by black lines), a phantom model (w 0 = −1.2, w a = −0.2; represented by blue lines) and a non-phantom model (w 0 = −0.8, w a = 0.2; represented by red lines). w 0 and w a are the standard parameters of the CPL parametrization. For every model, we find best fit values of the parameters of our parametrization and then we have computed comoving distance (in Fig. 1 ) and normalized Hubble parameter (in Fig. 2) with these values. Here, %∆X(z) = Other advantages of this parametrization are listed in the conclusion section.
CONSTRAINTS ON P0, Q1 AND Q2 FROM RECENT OBSERVATIONS
In Figure 3 , we have shown the triangle plot i.e. 1σ and 2σ confidence contours of all the pairs of the parameters and likelihood of every parameter for different combinations of the observations. The data used here are given below:
• (1) The isotropic BAO measurements from different surveys. These surveys are 6DF survey [46] , SDSS survey for galaxy sample (MGS) [47] and eBOSS quasar clustering [48] , and the Lyman-α forest sample [49] .
• ( from water megamasers under the Megamaser Cosmology Project [50] [51] [52] . (1) and (2) data together, we denote this as 'BAO' [53] [54] [55] [56] .
• (3) Recent Pantheon data for SNIa observation [57, 58] . We denote this data as 'Pantheon'.
• (4) The OHD data for the Hubble parameter compiled in Pinho et. al. [59] . We denote this data as 'H'.
• (5) We also use Planck 2018 results (TT,TE,EE+lowl+lowE for the base ΛCDM model) as prior [60, 61] . We denote this as 'CMB'.
Using these data sets, in Figure 3 , we have chosen two combinations of dataset given by 'CMB+BAO' (shaded with green color) and 'CMB+BAO+Pantheon+H' (shaded with grey color). For every combination (i.e. for every color), the dark and light shaded regions are for 1σ and 2σ confidence contours respectively. We use this same color combinations for the next plots also. Note that we have included an extra parameter, r d , sound horizon at drag epoch [53] . This is because the BAO measurements are degenerate with this parameter.
Table I corresponds to the marginalized 95% 1D confidence intervals for the parameters. As our aim is not to show or solve the H 0 tension of the low redshift data with the Planck results, in both the combinations of the dataset, we have included the CMB data from the Planck 2018 results. Our aim of this work is to study the behavior of the late time acceleration through a new parametrization which can be useful for larger redshift ranges. In the Table I 
DERIVED FUNCTIONS
To say, the Pade parameters used here are unknown to us. So, to get a feeling about the cosmological observables, in this section, we plot some important derived quantities from the results from the above parameter ranges i.e. from the MCMC chains.
In Figure 3 , we have plotted the derived Hubble parameter at 1σ and 2σ confidence intervals. The color codes are the same as in Figure 3 . The red shaded contours are the same from the Planck 2018 results. The error bars are from the OHD data for Hubble parameter as a function of redshifts. We can see that our results are almost similar to the Planck 2018 result although not exactly overlapping. This can be seen clearly in the next derived plot.
In Figure 5 , we have plotted the derived f DE at 1σ and 2σ confidence intervals. f DE is the extra energy density contribution from dark energy or modified gravity. It is defined as
The red line in figure 5 represents f DE = 1 for ΛCDM model. From figure 5 , it is clear that up to redshift 1.5, the ΛCDM model is 1σ away for both the combinations. This result is including Planck 2018 results for TT,TE,EE+lowl+lowE for the base ΛCDM model. Still we get 1σ deviations for the ΛCDM model. And this figure also suggest that the dynamical dark energy models are preferable for low redshift (z < 0.5).
CONCLUSION
We have considered a model independent parametrization to the comoving distance and consequently to the Hubble parameter. This parametrization can be used up to any higher redshift (up to matter dominated era only) with sub-percentage accuracy. We have neglected the curvature term.
Although to study the background cosmology for the late time cosmic acceleration, one may not need comoving distance or Hubble parameter up to higher redshift (considering the low redshift data only), but at perturbation level, one must need the values of the Hubble parameter at higher redshift. This is because of the need for the initial condition of the perturbation. So, our parametrization for the Hubble parameter can still be used in the perturbation. Note that this is only valid if we consider initial conditions at early matter dominated era only. If one considers initial conditions at radiation dominated era or even at higher redshift, our parametrization will not be valid.
We have first parametrized the comoving distance and from this, we have consequently parametrized the Hubble parameter. In this way, both quantities have analytical forms. This is an advantage since both the parameters are involved in the background cosmological data.
To study the perturbation equations, one must need the cosmological parameter Ω m0 explicitly. So, any parametrization to the Hubble parameter which does not have Ω m0 as an explicit parameter (due to the direct parametrization of the Hubble parameter), needs to introduce this extra parameter to study the perturbation equations. We shall use our parametrization at the perturbation level in the extension of this work. Since, we have Ω m0 parameter explicitly, we do not need to introduce it in the perturbation equations.
Next, we use the recent low redshift observations (mentioned in the main text) including Planck 2018 results (for TT,TE,EE+lowl+lowE for the base ΛCDM model) to put constraints on the Pade parameters as well as on the cosmological parameters.
Our investigation shows that for low redshift (z < 1.5), ΛCDM model is just 1σ away. And our results also show that at lower redshifts (z < 0.5), dynamical dark energy is preferred.
